We study the structure of solutions of an initial value problem arising in the study of steadily rotating spiral waves in the kinematic theory of excitable media. In particular, we prove that under certain conditions there is a unique global positive monotone increasing solution.
Introduction
In this paper, we study the initial value problem (P): In particular, when a.s/ = s the initial value problem (P) arises in the study of steadily rotating spiral waves in the kinematic theory of excitable media. See, for example, [1, 4, 5] , especially the nice review article of Meron [4] in 1992 and the references cited therein. Let Ä be the curvature of a steadily rotating spiral wave whose tip neither grows nor retracts, Ä c be the curvature of the spiral arm at the tip, c r be the normal velocity, s be the arc length, and ! be the constant frequency. Then we have the following relation (see, for example, (4.48) and (4.49) in [4] ):
Using the following curvature-speed relation c r = c − DÄ, where c and D are positive constants, and by neglecting the higher order term of Ä in the integral of (1.4), we have
Now we introduce the change of variables:
Then w.y/ satisfies (1.1) with a.s/ = s. Also w.0/ = 0, w .0/ = 1 and w .y/ → 0 as y → ∞. For more references on spiral waves, we refer the reader to the paper of Ikota, Ishimura and Yamaguchi [3] , the recent paper of Giga, Ishimura and Kohsaka [2] , and the references cited therein.
The local existence and uniqueness of solutions of (P) for any given Á ∈ Ê is trivial.
We denote this solution by w.y; Á/. Note that w > 0 and w > 0 for small y > 0.
The main theorem of this paper is as follows. We give an interpretation of Theorem 1.1 for the case when a.s/ = s as follows. In this case, we have found a family of steadily rotating spiral waves. In this family there is a unique frequency ! * := Á * cDÄ 3 c such that any curve in the plane with this frequency is a spiral wave with positive curvature. If we increase the frequency ! so that ! > ! * , then the curvature of the curve would change sign exactly once. Furthermore, it follows from (1.5) that the rotation number defined by
is +∞ when ! = ! * and is −∞ when ! > ! * . Hence they are indeed spiral waves. This paper is organised as follows. In Section 2, we study the properties of various solutions of (P) for different values of the parameter Á. After deriving a comparison principle, we prove Theorem 1.1 in Section 3. In particular, there is a unique global positive monotone increasing solution of (P). Finally, we give a discussion in Section 4.
Structure of solutions
We first note that, by (1. Let w.y; Á/ be the solution of (P) for a given Á ∈ Ê. Let We shall see that the above relation plays an important role in this study. In what follows, we always assume that Á > 0. Since w < 0 for any critical point of w, there is at most one critical point of w. Thus there exists y 1 > y 0 such that
By integrating (2.7) from y 1 to y and letting y → ∞, this leads to a contradiction. Hence w cannot be global. It is clear that w.y; Á/ → ∞ and w .y; Á/ → ∞ as y → R − for some R < ∞. The lemma follows.
The following lemma is about the case when v has no critical point. PROOF. From A.w.y// = w .y/ + Áy − 1, it follows that w.y/ → ∞ as y → ∞. Since w is global, by Lemma 2.3, w < 0 in .0; ∞/. For the contradiction, suppose that the limit l := lim y→∞ w .y/ > 0. Then, by (1.1), w .y/ → ∞ as y → ∞, a contradiction. Hence w .y; Á/ → 0 as y → ∞. Now, suppose that there is an Á > 0 such that w .y; Á/ > 0 and w .y; Á/ < 0 in the existence interval and that w.y; Á/ is not global. Then w.y/ → ∞ as y → R − for some R < ∞. Otherwise, by (2.2), both w.y/ and w .y/ have finite limits and then w can be continued beyond R, a contradiction. Hence w.y/ → ∞ as y → R − for some R < ∞. Therefore, by (2.2) again, w .y/ → ∞ as y → R − , which contradicts the assumption that w < 0. Hence w.y; Á/ is global if w .y; Á/ > 0 and w .y; Á/ < 0 as long as w exists. This proves the lemma.
Proof of Theorem 1.1
For convenience, we denote the existence interval of w.y; Á/ by [0; R/ for some R = R.Á/ > 0. We begin with the following comparison principle. PROOF. Note that, by (1.1), the lemma holds for y small, since Á 1 < Á 2 . Let v i = w i . It follows from (1.1) that
Therefore to prove the lemma it suffices to prove that w 1 > w 2 in .0; R/. For the contradiction, suppose that there is y 0 ∈ .0; R/ such that w 1 > w 2 in .0; y 0 / and w 1 .y 0 / = w 2 .y 0 /. Then w 1 .y 0 / > w 2 .y 0 / > 0 and v 1 .y 0 / ≤ v 2 .y 0 /, contradicting (3.1). This completes the proof.
The following lemma gives the uniqueness of a global monotone increasing solution of (P). LEMMA 3.2. There is at most one global monotone increasing solution of (P) such that w.y/ → ∞ and w .y/ → 0 as y → ∞.
PROOF. Suppose that there are two distinct global monotone increasing solutions w 1 ; w 2 of (P) such that w i .y/ → ∞ and w i .y/ → 0 as y → ∞, i = 1; 2. Suppose that On the other hand, from (2.2) it follows that
